Quasi-reflexive Fréchet spaces and contractively power bounded operators by Krzysztof Piszczek
Arch. Math. 96 (2011), 49–58
c© 2010 The Author(s). This article is published
with open access at Springerlink.com
0003-889X/11/010049-10
published online December 4, 2010
DOI 10.1007/s00013-010-0197-y Archiv der Mathematik
Quasi-reflexive Fre´chet spaces and contractively
power bounded operators
Krzysztof Piszczek
Abstract. In this paper we introduce a new class of operators acting on
a locally convex space. We show that for some Fre´chet spaces all these
operators are mean ergodic. This leads to the conclusion that the classes
of reflexive and non-reflexive Fre´chet spaces are, in a sense, close to each
other.
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1. Introduction. In [3] the following definition is introduced: a Banach space X
is called quasi-reflexive (of order n) if codimX′′π(X) < +∞(codimX′′π(X) =
n), shortly n-quasi-reﬂexive. This definition arose from the very well known
paper of R. C. James who constructed in [9] an example of a non-reﬂexive
Banach space X of codimension 1 in its bidual. Properties of such spaces have
been studied in [4,8,10,17,18]. One of the outstanding profits of these spaces
is that they have served as examples to settle several conjectures. Recently
Fonf, Lin, and Wojtaszczyk have constructed in [7] a quasi-reﬂexive Banach
space of order 1 with all contractions on the space itself and on its dual mean
ergodic. Thus answering negatively a question of Sucheston posed in [19].
The aim of this paper is to consider (after introducing a reasonable nota-
tion) an analogous problem in the Fre´chet space setting. Here the notion of
quasi-reﬂexivity is also available since, whenever we start with an arbitrary
Fre´chet space X, by [15, 25.3 and 25.10] all the spaces π(X),X ′′ and X ′′/π(X)
are Fre´chet. Examples of such spaces without inﬁnite-dimensional Banach sub-
spaces may be found in [14]. Let us recall them for the convenience of the
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reader. If Jp denotes the 1-quasi-reﬂexive James space with the p-norm then
Jp+ := projq>pJq for 1 p<+∞ is a 1-quasi-reﬂexive Fre´chet space while
Jp− := ind1<q<pJq for 1<p+∞ is a 1-quasi-reﬂexive LB-space. In what fol-
lows we will adapt as much of the Banach viewpoint as possible but in several
situations the knowledge on the structure of locally convex spaces will be of
particular importance.
The paper is divided into ﬁve parts. In Section 2 we recall the notion of
mean ergodicity together with a short description of most important results.
Next we collect several observations on operators on quasi-reﬂexive spaces of
order 1. Section 3 is devoted to obtaining a speciﬁc fundamental sequence of
bounded sets and (independently) a speciﬁc basis of zero neighbourhoods in
X or X ′ whenever X is a separable real Fre´chet space which is quasi-reﬂexive
of order 1. In Section 4 we deﬁne contractively power bounded operators and
show when such operators are mean ergodic. The last Section contains the
main result of the paper which gives examples of non-reﬂexive Fre´chet spaces
so that all contractively power bounded operators are mean ergodic. Combin-
ing these results with [6] we see that the classes of reﬂexive and non-reﬂexive
Fre´chet spaces are, in a sense, close to each other.
The general reference for functional analysis is [15] and for ergodic theory
we refer the reader to [13].
2. Preliminaries. Recall that a continuous and linear operator T on a Banach








exist for every element x ∈ X. It is called power bounded if
sup
k∈N
||T k|| < +∞. (2)
If every power bounded operator is mean ergodic then the space X is
called mean ergodic. In 1937 von Neumann proved that unitary operators on
Hilbert spaces are mean ergodic and a year later F. Riesz showed that all
Lp-spaces, 1 < p < +∞, are mean ergodic. In 1939 Lorch proved that all
reﬂexive Banach spaces are mean ergodic and raised the question of whether
the converse holds. The aﬃrmative answer for spaces with bases is given in
[6]. For more informations on that topic see [5, Chapter VIII, Section 4] and
[13, Chapter 2].
Observe that (1) makes sense in any locally convex Hausdorﬀ space (abbre-
viated lcHs) therefore we call an operator T on such a space mean ergodic if it
satisﬁes (1). Condition (2) needs a reformulation and we say that an operator
T on a lcHs is power bounded if the sequence (T k)k∈N ⊂ L(X) is equicontin-
uous. Recall that a lcHs X is called quasi-reflexive if it is quasi-barrelled and
codimX′′π(X) < +∞.
Let us now focus on Fre´chet spaces that is metrizable and complete lcHs’.
The topology of such a space can always be given by a non-decreasing sequence
of seminorms and one can choose a countable basis of zero neighbourhoods
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consisting of closed unit balls in each of these seminorms. Thus we can always
represent a Fre´chet space X as a projective limit of a sequence of Banach
spaces (Xn)n∈N, i.e. X = projnXn. By ιn : X → Xn we denote the canonical
projection and we assume without loss of generality that ιn(X) = Xn. Suppose
now that X is a separable and 1-quasi-reﬂexive Fre´chet space which can be
represented as the reduced projective limit of a sequence (Xn)n of separable
and 1-quasi-reﬂexive Banach spaces. We point out that the space Jp+ satis-
ﬁes all these requirements. But a quasi-reﬂexive lcHs X is not necessarily a
closed subspace of a countable product of quasi-reﬂexive Banach spaces (see
[20, Theorem 6.2]). Let us also remark that, if X is given the above represen-
tation as a reduced projective limit, its strong dual X ′β is not necessarily the
reduced projective limit of some system of 1-quasi-reﬂexive Banach spaces. But
since X ′′ is separable, also X ′ is separable and hence, by [11, §29.3(12) a)] and
[11, §29.4(3)] X ′ = indnX ′n with ι′n : X ′n↪→X ′ being linking maps. So, X ′ =
indnX ′n is a complete LB-space and hence, by [2, p. 57] X
′′ = projnX ′′n . More-
over, for every n ∈ N we have ι′′n(X ′′) = X ′′n because X and Xn are quasi-
reﬂexive of order 1 and ιn(X) = Xn. In such a case all the spaces X,Xn
together with their duals and biduals are separable. Let us point out that
whenever X will be a separable and quasi-reﬂexive Fre´chet space of order one,
it will always be assumed that such a space can be represented as the reduced
projective limit of a sequence of separable and 1-quasi-reﬂexive Banach spaces.
The following two results are proved for Banach spaces in [7] and the proofs
carry over to our setting but for the convenience of the reader we include them
below.
Proposition 2.1. Let X be a quasi-reflexive of order 1 Fre´chet space or its dual.
Then there exists a linear and continuous, multiplicative functional q : L(X) →
K such that its kernel is exactly the set of reflexive operators on X.
Proof. Suppose X is a Fre´chet space and for arbitrary operator T acting on
X consider its biadjoint T ′′. Since T ′′(X) ⊂ X, it induces an operator T̂ ′′ ∈
L(X ′′/X). By assumption X ′′/X is one-dimensional therefore T̂ ′′ is a multi-
plication by a number, say q(T ). The map q is the desired functional and its
kernel is exactly the set of those operators T ∈ L(X) for which T ′′(X ′′) ⊂ X.
And these are by definition reﬂexive operators. The above argument works
also in the dual case. 
Remark 2.2. Let X be a quasi-reflexive of order 1 Fre´chet space. Then, every
T ∈ L(X) has a unique decomposition T = λI + R, where λ ∈ K and R is a
reflexive operator.
Proposition 2.3. Let X be a quasi-reflexive of order 1 Fre´chet space. Suppose
T = λI + R : X → X is power bounded and λ = 1. Then both T and T ′ are
mean ergodic.
Proof. Denote by F (T ) the set of ﬁxed points of T and observe that F (T ) =
{x ∈ X : Rx = (1 − λ)x}, F (T ′′) = {x′′ ∈ X ′′ : R′′x′′ = (1 − λ)x′′}. Since
R′′(X ′′) ⊂ X we have F (T ) = F (T ′′). Using the Hahn-Banach Theorem we
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see that F (T ′) always separates F (T ). Therefore in our case F (T ) separates
F (T ′) and by Sine’s Criterion [16, Theorem 13] (compare [13, Theorem 1.4])
T is mean ergodic. On the other hand F (T ′) separates F (T ′′) and again by
Sine’s Criterion T ′ is mean ergodic. 
3. Fre´chet spaces and their duals with specifically distinguished sets. From
now on all the spaces are assumed to be vector spaces over R.
We start by recalling the following result which will be crucial for our con-
structions.
Proposition 3.1. ([7]) Let X be a non-reflexive Banach space with separable
bidual. Then there exist an equivalent norm ||| · ||| on X, a norm 1 functional
f0 ∈ X ′′\X and a norm 1 functional F0 ∈ X ′′′ ∩ X⊥ such that
(i) F0(f0) = 1 and F (g) < 1 for any g ∈ B(X′′,|||·|||), g = f0,
(ii) if |||H|||X′′′ = 1 and H(f0) = 1 then H ∈ X⊥.
Moreover, if X = Y ′ (isometrically) then ||| · ||| is a dual norm to a certain
norm on Y .
Remark 3.2. (1) If X is quasi-reﬂexive of order 1 then F0 is the only norm
1 functional with F0(f0) = 1 since, by assumption, X ′′ = X ⊕ [f0].
(2) By the proof of this result (see [7, Proposition 3] for details) we may take
f0 from a previously ﬁxed dense subset.
Suppose now X is a separable and quasi-reﬂexive of order 1 Fre´chet space
which can be represented as the reduced projective limit of separable and
1-quasi-reﬂexive Banach spaces. According to the discussion at the beginning
of the previous Section X = projU∈UXU where U is a countable basis of zero
neighbourhoods in X and X ′′ = projU∈UX ′′U . Recall that for every zero neigh-
bourhood U in X the bipolar U◦◦ (each of which is taken in the consecutive
dual) is a zero neighbourhood in X ′′ and by the Separation Theorem [11,
Chapter 4, §20, 7(1)] U◦◦ = Uσ(X
′′,X′)
=: U∗. With the above notation in
mind we are able to obtain what follows.
Proposition 3.3. Suppose X is a separable and 1-quasi-reflexive real Fre´chet
space which can be represented as the reduced projective limit of a sequence of
separable and 1-quasi-reflexive real Banach spaces. Assume moreover that X
possesses a continuous norm. Then there exist a countable zero neighbourhood
basis U in X, {fU}U∈U ⊂ X ′′\X, {FU}U∈U ⊂ U◦∗ ∩ X⊥ such that for every
U ∈ U the following holds:
(i) pU∗(fU ) = 1,
(ii) FU (fU ) = 1 and FU (g) < 1 for any g ∈ U∗, g = fU ,
(iii) FU is the only functional in U◦∗ with FU (fU ) = 1.
Proof. By assumption X = projnXn with all the Xn’s being separable and
1-quasi-reﬂexive real Banach spaces. Since X has a continuous norm we may
assume that the topology of X is given by a non-decreasing sequence of
norms. Moreover by quasi-reﬂexivity of X the same applies to X ′′. By Proposi-
tion 3.1 there exist for every n ∈ N : a closed absolutely convex set Vn—whose
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Minkowski functional pVn gives the topology of Xn—together with a norm
one functional gn ∈ X ′′n\Xn, Gn ∈ X ′′′n ∩ X⊥n with the properties listed in
Proposition 3.1. If ιn : X → Xn denotes the canonical projection then the sets













)◦ = (ι′′n)−1(V ◦◦n ) = (ι′′n)−1(Vn)∗.
By Remark 3.2 (2) we may assume that gn = ι′′n(fn) with fn ∈ (Un)∗. We
deﬁne Fn := Gn ◦ ι′′n and claim that the functionals fn, Fn meet the desired
properties. Indeed,
p(Un)∗(fn) = p(Vn)∗(gn) = 1
which gives the ﬁrst condition. Next,
Fn(fn) = Gn(gn) = 1
and if fn = g ∈ (Un)∗ then
Fn(g) = Gn(ι′′ng) < 1.
The last inequality follows by the fact that X ′′ has a continuous norm and
ι′′ng = ι
′′
nfn implies g = fn. Therefore we obtain the second condition. To get
the last one suppose F (fn) = 1 for some F ∈ (Un)◦∗. It means that F = G ◦ ι′′n
for some G ∈ (Vn)∗ and
F (fn) = G(gn) = 1.
This implies that G = Gn and eventually F = Fn. The proof is thereby
complete. 
Proposition 3.4. Suppose X is a separable and 1-quasi-reflexive real Fre´chet
space which can be represented as the reduced projective limit of a sequence of
separable and 1-quasi-reflexive real Banach spaces. Then there exist a count-
able fundamental system B of bounded sets in X ′ together with functionals
{fB}B∈B ⊂ X ′′′\X ′, {FB}B∈B ⊂ B◦∗ ∩ (X ′)⊥ such that for every B ∈ B the
following holds:
(i) pB∗(fB) = 1,
(ii) FB(fB) = 1 and FB(g) < 1 for any g ∈ B∗, g = fB,
(iii) FB is the only functional in B◦∗ with FB(fB) = 1.
Moreover, we may additionally assume that the members of B are polars of
zero neighbourhoods in X.
Proof. By Proposition 3.1 we get for every n ∈ N : a closed absolutely convex
set Cn = V ◦n —whose Minkowski functional pCn gives the topology of X
′
n—
together with a norm one functional gn ∈ X ′′′n \X ′n, Gn ∈ X ′′′′n ∩(X ′n)⊥ with the
properties listed in Proposition 3.1. If ιn : X → Xn denotes the canonical pro-
jection then the sets Bn := ι′n(Cn)
σ(X′,X)
determine a fundamental sequence
of bounded sets in X ′. Moreover Bn = (ι−1n (Vn))
◦ and the sets (ι−1n Vn)n form a
countable basis of zero neighbourhoods in X. By the proof of [7, Proposition 3]
we may assume that Gn = ι′′′′n Fn and Fn ∈ (Bn)◦∗. We deﬁne fn := ι′′′n gn
and—proceeding along the lines of the proof of Proposition 3.3—we obtain
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the desired conditions. Let us also point out that, in contrast to the previous
case, we do not have to assume that X have a continuous norm since here we
play with the injectivity of ι′′′n which is a consequence of the dense range of ιn.

4. Mean ergodicity and contractively power bounded operators. We start
with three lemmata, which for Banach spaces are proved in [7]. Since the
proofs are short, for the convenience of the reader we enclose them below.
Lemma 4.1. Let T be a power bounded and mean ergodic operator on a lcHs
X with a mean ergodic projection P . Then P ′(X ′) = F (T ′).
Proof. Since, by definition, Px = limn 1n
∑n
k=1 T
kx we see that TP = PT =
P = P 2 which gives T ′P ′ = P ′. This yields P ′(X ′) ⊂ F (T ′). If x′ ∈ F (T ′)
then











for every x ∈ X which gives the other inclusion. 
Definition 4.2. Let X be a lcHs and T : X → X a linear and continuous oper-
ator. Suppose we are given a family S of subsets in X. We say that T is
contractively power bounded with respect to S (abbreviated S-cpb) provided it
is power bounded and T (S) ⊂ S for at least one S ∈ S.
Throughout this Section X will always be a separable and 1-quasi-reﬂexive
real Fre´chet space which can be represented as the reduced projective limit of
a sequence of separable and 1-quasi-reﬂexive real Banach spaces. If we distin-
guish in X a countable basis U of zero neighbourhoods according to Proposi-
tion 3.3 together with families of functionals {fU}U∈U , {FU}U∈U then we will
say that U is a z-selection. And if we associate to X ′ a countable family B of
bounded sets according to Proposition 3.4 together with families of functionals
{fB}B∈B, {FB}B∈B then we will say that B is a b-selection.
Lemma 4.3. Let U be a z-selection on X and fix U ∈ U . Suppose Q = 0 is a
projection from X ′′ onto the one-dimensional subspace [fU ] with Q(U∗) ⊂ U∗.
Then Qx′′ = FU (x′′)fU .
Proof. Clearly Qx′′ = H(x′′)fU and H ∈ U◦∗ by assumption. Moreover
H(fU )fU = QfU = Q2fU = (H(fU ))2fU .
Since Q = 0 we obtain H(fU ) = 1 and by Proposition 3.3 (iii) H = FU . 
Lemma 4.4. Let T = I + R ∈ L(X) with R reflexive. Suppose we have a
z-selection U on X and T (U) ⊂ U for some U ∈ U . Then fU ∈ F (T ′′).
Proof. Since R′′fU ∈ X we have FU (R′′fU ) = 0. By assumption T ′′(U∗) ⊂ U∗.
Therefore T ′′fU = fU + R′′fU ∈ U∗. Moreover FU (fU + R′′fU ) = 1 and by
Proposition 3.3 (ii) R′′fU = 0, i.e. fU ∈ F (T ′′). 
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Remark 4.5. The above lemma requires explicitly that X be a real space since
for complex ones we could only obtain T ′′fU = αfU for some number α of
modulus 1.
The proofs of the following three results are, in the Banach space setting,
originally given in [7] but for the sake of convenience we present them below
with necessary modiﬁcations.
Theorem 4.6. Let X be a separable and 1-quasi-reflexive real Fre´chet space
and take a z-selection U in X. Then any U-cpb operator is mean ergodic.
Proof. Suppose T : X → X is a U-cpb operator and T (U) ⊂ U for some zero
neighbourhood U of the (countable) z-selection U . By Proposition 2.3 we may
assume that T = I + R with R reﬂexive. Since by [16, Theorem 4.8] T or T ′
is mean ergodic, we may assume that T ′ is mean ergodic. If F (T ′) = {0} then
X = (I − T )X (use Hahn-Banach) and by [1, Theorem 2.4] T is mean ergodic.







T ′kx′, x′ ∈ X ′.
Since P is a projection onto F (T ′) we see that it is non-trivial. By mean
ergodicity of T ′ and [1, Theorem 2.4] we have a decomposition
X ′ = F (T ′) ⊕ R′X ′.
Moreover by Lemma 4.4 fU ∈ F (T ′′) and so F (T ′′) = F (T )⊕[fU ]. The formula
Q(x′′) := FU (P ′x′′)fU , x′′ ∈ X ′′
deﬁnes a non-zero projection with Q(U∗) ⊂ U∗ and Q(fU ) = fU . By Lemma 4.3
Qx′′ = FU (x′′)fU and kerQ = X which yields kerP ′ ⊂ X. By Lemma 4.1 we
have
X ′′ = F (T ′′) ⊕ kerP ′ = [fU ] ⊕ F (T ) ⊕ kerP ′
and therefore X = F (T ) ⊕ kerP ′ (recall that X is 1-quasi-reﬂexive and fU ∈
X ′′\X). Again by mean ergodicity of T ′ we obtain












T kx → 0
in the topology σ(X,X ′) and by [13, Theorem 1.1] (which is valid for any
lcHs) also in the initial topology of X. Therefore x ∈ (I − T )X. But the other
inclusion is clear therefore
X = F (T ) ⊕ (I − T )X
and by [1, Theorem 2.4] we obtain mean ergodicity of T . 
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The above result together with the preceding lemmata remains valid if we
consider X ′ with a b-selection B and B-cpb operators. Therefore we can derive
another consequence.
Theorem 4.7. Let X be a separable and 1-quasi-reflexive real Fre´chet space
or its dual and take a b-selection B in X ′. Then any B-cpb operator is mean
ergodic.
Theorem 4.8. Let X be a separable and 1-quasi-reflexive real Fre´chet space.
(1) If U is a z-selection in X then the adjoint of any U-cpb operator is mean
ergodic.
(2) If B is a b-selection in X ′ then the adjoint of any B-cpb operator is mean
ergodic.
Proof. Both cases are proved analogously with the only difference that in order
to obtain (1) we use Theorem 4.6 and to obtain (2) we apply Theorem 4.7.
Therefore we show only the ﬁrst case. By Proposition 2.3 we may assume that
T = I + R with R reﬂexive. Moreover let T (U) ⊂ U for some U ∈ U . By








Observe that by Lemma 4.1 E′ is a projection onto F (T ′) and E′′ is a projec-
tion into F (T ′′). In particular E′′fU ∈ F (T ′′). Now observe that by Lemma 4.4
fU ∈ F (T ′′) and the decomposition X ′′ = X⊕[fU ] yields F (T ′′) = F (T )⊕[fU ].
Hence E′′fU = y + αfU with y ∈ F (T ). Consequently E′′y = y by the fact
that E′′ |X= E. Recall that by Proposition 3.3 FU ∈ X⊥ therefore we get
α = FU (αfU + y) = FU (E′′fU ) = FU (E′′E′′fU ) = FU (α2fU + (α + 1)y) = α2.
Case (i): α = 1. Since E′′fU ∈ U∗ and FU (E′′fU ) = 1, by Proposition 3.3 (ii)
we obtain E′′fU = fU . By mean ergodicity of T together with [1, Theorem
2.4] we obtain
X ′′ = F (T ) ⊕ (I − T )X ⊕ [fU ] = F (T ′′) ⊕ (I − T ′′)X ′′
(recall that R′′X ′′ = RX). By [1, Theorem 2.4] together with [12, Chapter




limit being taken in the topology β(X ′′,X ′)). Consequently







and by [13, Theorem 1.1] we obtain the above convergence in the topology
β(X ′,X). Hence T ′ is mean ergodic.
Case (ii): α = 0. We have E′′fU ∈ F (T ) and so E′′(F (T ′′)) = F (T ). Let
x′′ ∈ F (T ′′) and take x := E′′x′′ ∈ F (T ). Since F (T ′) always separates F (T )
we can ﬁnd x′ ∈ F (T ′) such that x′(x) = 0. By Lemma 4.1 E′x′ = x′ therefore
x′′(x′) = x′′(E′x′) = E′′x′′(x′) = x′(x) = 0.
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This shows that F (T ′) separates F (T ′′) and by Sine’s Criterion [16, Theo-
rem 5.1] T ′ is mean ergodic. 
5. Main result
Theorem 5.1. Let X be a separable and 1-quasi-reflexive real Fre´chet space
which can be represented as the reduced projective limit of a sequence of sepa-
rable and 1-quasi-reflexive Banach spaces. There exists a countable b-selection
B in X ′ so that B = {V ◦n : n ∈ N} and V := {Vn : n ∈ N} is a zero neigh-
bourhood basis in X. Moreover all V-cpb operators on X as well as all B-cpb
operators on X ′ are mean ergodic.
Proof. Choose B according to Proposition 3.4. Recall that B = {V ◦n : n ∈ N}
for some zero neighbourhood basis V in X. Let now T be a V-cpb operator on
X. Then T ′ is a B-cpb operator on X ′ and by Theorem 4.8 (2) the biadjoint
T ′′ is mean ergodic on X ′′. Since T ′′ |X= T we get mean ergodicity of T . If
now T is a B-cpb operator on X ′ then by Theorem 4.7 it is mean ergodic. 
Remark 5.2. One can easily notice that we can consider a z-selection V in X,
a b-selection B in X ′ and V-cpb operators on X together with B-cpb operators
on X ′ and the conclusion of the main result follows by Theorems 4.6 and 4.7.
The advantage of our approach lies in the fact that we do not assume that V
be a z-selection.
We close this Section with a ﬁnal observation. Suppose X is a Fre´chet space
with a basis. By [1, Theorem 1.4] it is reﬂexive if all power bounded operators
on X are mean ergodic. But if we additionally assume that these operators are
cpb (which does not seem to be much more restrictive) then the space need
not be reﬂexive. This shows that reﬂexive and non-reﬂexive Fre´chet spaces are,
in a sense, close to each other.
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